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AN EMPIRICAL EQUATION FOR THE CHARACTERISTIC

VELOCITY OF OPTIMUM TLI MANEUVERS

By Francis Johnson, Jr.
I. SUMMARY

A single empirical equation expressing the characteristic velocity
(DV) of optimum translunar injection (TLI) maneuvers has been derived
to fit all of the data in reference 1 which describe L02 different opti-
mum TLI thrust maneuvers. These data cover the trajectory energy ranges
of both nominal and alternate missions and anticipated variations in
both initial thrust-to-weight ratio and the radius of the circular earth-
parking orbit. The geometric variables used in this DV equation are DAZ
and GAN instead of the traditional TLI targeting elements & and o.
The angles DAZ and GAN describe a specific TLI maneuver whereas & and o
do not. The implementation of this type of TLI simulation equation with
different types of trajectory iterators is discussed in detail. The
use of these unconventional varisbles in the DV equation and its uncon-
ventional algebraic form are the direct result of unconventional princi-
ples followed in deriving it. These principles are described in detail.
An analysis is made of the residuals of the equation at all 402 data
points. This analysis indicates that the accuracy of 4 percent of the
data is questionable. When this questionable data is deleted, the RMS
residual of the equation in fitting the remaining 96 percent of the data
is 0.87 m/sec.

II. INTRODUCTION

Earlier this year an empirical equation expressing DV was derived
to fit all of the data describing optimum coplanar TLI maneuvers in
reference 1. This coplanar DV equation and a listing of its residuals
at all data points are presented in reference 2. The complete DV equa-
tion presented herein, which fits both coplanar and plane change data,
was developed from this earlier coplanar DV equation.



The BMS residual of the coplanar DV equation was an impressively
small L.4 cm/sec. It was hoped that an RMS residual of the same order
of magnitude could be maintained when the coplanar equation was expanded
to also fit the plane change data. This objective was not realized be-
cause, in this author's opinion, the plane change data are not generally
as accurate as the coplanar data.

Four conventional integer-power polynomials empirically expres-
sing DV are presented in reference 1 with the TLI data. Each of these
polynomials was derived to fit a different category of the data. These
categories are defined by the range of trajectory energy (C3), whether or
not the initial thrust-to-weight ratio (TTW) differs from 0.7173, and
whether or not the circular orbit radius (ro) differs from 6553.5077 km.

Each of these categories contains both conplanar and plane change data.

The empirical equation presented in section IX differs from these
four polynocmials in two important respects. First, the algebraic form
of the equation is vastly different from the conventional integer-power
form of the polynomials. Second, the traditional TLI targeting elements
8§ and o (see symbol table below) are not directly used in the equa-
tion as variables; instead, the geometric variables DAZ and GAN are used.
These differences are the direct result of the rather unconventional
methods used in deriving this empirical equation. These unconventional
methods are described in section VIII. Simulation equations having dif-
ferent variasbles and their use with different types of trajectory itera-
tors are discussed in sections IV through VII.

III. ©SYMBOLS

Cc3 trajectory energy; C3 = V2 - 2 u/r

DAZ delta azimuth or plane change; in-
clination of resultant trajectory
plane to parking orbit plane

DC change in energy from that of cir-
cular orbit to C3; DC = C3 + u/ro

DV characteristic velocity of TLI maneu-
ver

GAN flight-path angle on hypothetical

trajectory with energy C3 at position
"radius ry having true anomaly TAON

(see page 16)
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TAON

TTW

specific impulse

unit TLI target vector
circular parking orbit radius
radius of trajectory perigee

terms in empirical equation expres-
sing DV, of the form DV = T1 + T2 + 'I'3

true anomaly of the node between the
orbit and trajectory planes, as mea-
sured on the trajectory

thrust-to-weight ratio

vehicle velocity in circular orbit;

Vo = Vu/ro

resultant vehicle velocity produced
by a hypothetical impulsive maneuver
achieving desired values of C3, DAZ,
and TAON without & change in position
radius (see page 15)

angle measured in orbit plane from
position of thrust initiation to the

perpendicular projection of M (see
fig. 3)

angle measured in orbit plane from the
position of thrust initiation to the
node between the orbit and resultant
trajectory planes (see fig. 3)

declination of M with respect to”
the parking orbit plane (see fig. 1)

true anomaly of the position of thrust
cutoff on the trajectory (see fig. 3)

earth's gravitational constant

angle between M and the hypérSﬁrféée;
"radius" of the hypersurface (see fig. 1)



IV. THE USE OF & AND ¢ AS VARIABLES IN TLI SIMULATION EQUATIONS

The use of & and o as variables in TLI simulation equations
stems from the use of TLI simulations with trajectory iterators which

A

operate directly on M and the hypersurface as independent variebles.
The combination of this type of iterator and a TLI simulation is used
to obtain trajectories having characteristics definable by specific
values of four state variables at the moon, such as position coordinates
and flight-path angle. As one might suspect, there will be more than
one unique trajectory having such characteristics, and the problem be-
comes that of finding the trajectory attainable by the TLI maneuver with
minimum DV i.e., finding the optimum combination of TLI maneuver and

trajectory. This is done by using M and the hypersurface.

The hypersurface represents a three-dimensional continuum of the
positions of perigees, having the same time state variable, on trajec-
tories having the same desired characteristics at the moon definable by
four state variables. This hypersurface is approximated as a conical
surface, having its apex at the earth's center, and having a circulsr
cross section. To a reasonable approximation all of these trajectories
have the same energy at perigee, and their planes share the central axis
of the hypersurface as a common node. This central axis of the hypersurface

is used as the TLI target vector, M. It is important to remember that

an M and hypersurface represent all trajectories having the same values
of only four state variables at the moon. (There are exceptions to this
since some combinations of state variables cannot be thus represented.)

A

The three-dimensional geometry of an M, hypersurface, and a parking orbit
is usually illustrated two dimensionally by their intersections with an
arbitrary earth-centered spherical surface, as shown in figure 1.

Parking orbit Hypersurface
plane

\’J

Figure l.- Geometry of parking orbit, M, and hypersurface.



The angle from M to the hypersurface is o and is commonly re-

ferred to as the radius of the hypersurface. The position of M. and
the hypersurface relative to the parking orbit plane is defined by the

angle &, which is the declination of M relative to the orbital plane.

Consider next an inertially fixed M and hypersurface and a park-
ing orbit with fixed launch time. For given TLI guidance equations,
T TTW, I sp® and C3, there will be a continuum of possible TLI maneuvers

which can "fly to" or fit this M and hypersurface (assuming 6 is

reasonsbly small). The limits of this continuum of possible maneuvers
will be determined by hardware limitations. Some of the maneuvers with-
in such a continuum are shown in figure 2.

Parking orbit Hyﬁeréurface
plane '
l?) Operationally possible,
: but not necessarily
| : A optimum, TLI maneuvers

.....

Figure 2.- Several TLI maneuvers "flying to" an M and hypersurface.

The maneuvers within this continuum will have different positions
of thrust initiation on the orbit and different DAZ, and the resultant
trajectories will have different values of TAON and rpg. It is the task

of the TLI simulation equations to define- the maneuver wlthln any such
continuum having the minimum DV

The trajectory iterator obtains desired trajectory characteristics

by manipulating €3, o, and the inertial position of M (thus varying ).
After any such manipulation, the TLI simulation equations are used to
define the optimum TLI maneuver and state variables on the resultant
trajectory. This trajectory is propagated and this iterative process is



repeated until acceptable convergence is achieved. It follows from the

approximations made in using M and the hypersurface that the trajectory
finally obtained in this process will be the one attainable with a mini-

mum DV out of all possible trajectories having the desired characteristics.

These simulation equations are derived by fitting data describing
a large number of optimum TLI maneuvers for different values of T TTW,

Isp, C3, §, and 0. Each of these maneuvers must be defined through cal-

culus of variations. Such a listing of data is found in reference 1
(where ISP is a constant 426 seconds). Simulation equations derived

from this data for use with the trajectory iterator just described, will
empirically express certain variables, which will define the specific
optimum TLI meneuver and the resultant trajectory as functions of L

TTW, C3, 6, and 0. A set of variables defining the optimum TLI meneuver
and the resultant trajectory are described in the following section.

V. WHAT A TLI SIMULATION AND A TRAJECTORY ITERATOR MUST ACCOMPLISH

The combination of a TLI simulation and a trajectory iterator must
ultimately define the six items listed below.

1. Position of thrust initiation on the orbit

2. Orientation of the trajectory plane

3. Polar position of trajectory perigee

4. Position of thrust cutoff on the trajectory

5. Radius of trajectory perigee (rpg)

6. Characteristic velocity (DV) of the TLI manéuver

It is assumed that trajectory energy (C3) will always be defined
by the trajectory iterator. Knowing DV (item 6), the duration (tbd) of

the maneuver from thrust initiation of cutoff can be obtained using the
familiar rocket equation:




The importance of having some of these items defined will vary in
different phases of the mission planning process. For instance, the
definition of DV for purposes of optimization analysis is not necessary
during the iterative calculation of a trajectory. The importance of
having some of these items defined is also dependent upon the type of
simulation employed, i.e., black box or impulsive. For instance, when
using an impulsive simulation during a trajectory iteration, the defini-
tions of the positions of thrust initiation and cutoff are not necessary.
Nevertheless, at some time during the mission planning process all of
the above six items must be defined by the TLI simulation-trajectory
iterator combinatlon. This is true regardless of what type of simula-
tion is used (black box or impulsive) and regardless of how restrictive
the desired trajectory characteristics are (thus determining what type
of trajectory iterator is used).

The trajectory iterator described in section IV, which treats C3,

A

0, and the inertial position of M as independent variables, does not
define any of these items. Consequently, all six items must be defined
by the TLI simulation. In the following paragraphs, the varisbles used
to define these six items are given. The TLI simulation equations for
use with this type of iterator will empirically express these variables
as functions of r_, TIW, C3, §, and o (Isp being fixed).

Item 1, the position of thrust initiation, is defined by the
angle o, which is measured in the orbit plane from the position of thrust

initiation to the perpendicular projection of M,

Item 2, the orientation of the trajectory plane, can be defined by
spherical trigonometry knowing & and any one of several possible angles.
One of these angles is that measured in the orbit plane from the perpen-

dicular projection of M to the node between the orbit and trajectory
planes. Traditionally, this angle has not been ‘treated as a separate
entity and thus it does not have an established .character notation. This
angle will be denoted herein by the collective notation (B - a). The
angle o, used to define item 1, is well known and established in use.
Likewise, the angle B8, which is measured in the orbit plane from the
position of thrust initiation to the node between the orbit and trajec-
tory planes, is well know. The angle (B - a) is illustrated in figure 3.




TLI thrust -d . TLI thrust cutoff
initiation § -4+ (8 - a)

Trajectory

‘/~/ plane

Parking orbit
plane

Figure 3.- Geométric variables used to describe a single TLI maneuver

~

"flying to" an M and hypersurface.

Item 3, the polar position of perigee, by definition is at the in-
tersection of the trajectory plane and the appropriate side of the hyper-
surface. Knowing the position of the hypersurface and the orientation

of the trajectory plane (item 2), no additional variables are necessary
to define item 3.

Item 4, the position of thrust cutoff, is defined by the angle n,
once the polar position of perigee and the trajectory plane (items 2 and
3) are defined. n is the true anomaly of the position of thrust cutoff
on the resultant trajectory.

Items 5 and 6, the radius of the trajectory perigee and DV, are
defined directly by empirical equations expressing their values.

The osculating elements of the trajectory can be calculated using
two-body equations if rpg and C3 are known. With items 2 through 5

defined, the position and velocity state variables at thrust cutoff can
be calculated using two-body equations. Knowing DV (and Isp and TTW),

the duration of the maneuver can be calculated using the familiar rock-
et equation.
Thus, the TLI simulation for use with a trajectory iterator opera-

ting directly on M and the hypersurface consists of five equations
expressing a, 8, n, rpg’ and DV as empirical functions of ro, TTW, C3,

§, and o. These equations are derived by fitting data of the type found
in reference 1, where values of these variables are listed for L02
optimum TLI maneuvers as derived by calculus of variations.



Note that the accuracy of this complete simulation is very dependent

on the accuracy of the angle (B - o). This angle defines item 2 (plane

of the trajectory), but then the definitions of items 3 and 4 (positions
of perigee and thrust cutoff) are dependent on the definition of item 2.
Note also that the value of (B - a) is calculated as the difference be-
tween values of B and o obtained from empirical equations. These
equations have inherent residual errors which can either cancel each

other or accumulate when (B - a) is calculated.

VI. THE USE OF DAZ AND TAON AS VARIABLES IN TLI SIMULATION EQUATIONS

A

In the case of a trajectory iterator operating on M and hyper-
surface, there is a continuum of possible TLI maneuvers and trajectories
having the desired characteristics from which an optimum maneuver-
trajectory combination can be found. However, if the desired trajectory
characteristics are made more restrictive, the dimensions of this con-
tinuum of possibilities are reduced in number. For example, if in ad-
dition to the position coordinates and flight-path angle, azimuth is
also specified in defining the desired trajectory characteristics at the
moon, the continuum of possible perigee positions is changed from a
conical surface to a line on this surface. (This line of possible peri-
gee positions would take the form of a single point on the eircular cross
section of a hypersurface at a given radius.) With these more restric-
tive trajectory characteristics, the problem of defining the one attain-
able with an optimum TLI maneuver is greatly simplified.

It is not necessary to use M and hypersurface in the iterative
calculation of this optimum trajectory Instead, the iterator can oper-
ate directly on trajectory state variables. TFor instance, the itersator
can manipulate the polar position of trajectory perigee, the orientation
of the trajectory plane at perigee, and the trajectory energy. With launch
time fixed, this is equivalent to the iterator's defining values of C3,
DAZ and TAON as independent variables (see fig. U4). Notice that when this
is done, the polar position of perigee and the trajectory plane orienta-
tion (items 2 and 3) are defined directly by the trajectory iterator.

TLI simulation equations would then be used to define the remaining four
items. These simulation equations would empirically express variables
describing optimum TLI maneuvers as functions of T, , TTW, C3, DAZ, and
TAON (assuming I is constant).

1 This iteration can be thought of as flying to different polar posi-
tions on a hypersurface, but it can be seen that this is equivalent to
the iterator's using DAZ and TAON as independent variables.
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Only four empirical equations are necessary in this TLI simulation
in order to define items 1, 4, 5, and 6 as listed in section V. The
four variables expressed by these equations can be the same as expressed
by four of the five TLI simulation equations used with the trajectory

iterator operating on M and hypersurface. Figure 4 shows that the
positions of thrust initiation and cutoff (items 1 and 4) are defined
by the angles B and n. The radius of trajectory perigee and DV (items 5
and 6) are defined directly by empirical equations expressing their values.

TLI thrust
TLI thrust cutoff

initiation

Parking orbit
plane

!./

Trajectory plane

v

Trajectory
> perigee

LA
+
™
A

Figure 4.~ Geometric varisbles describing a TLI maneuver.

Note that this TLI simulation, consisting of four equations using
DAZ and TAON as independent variables, is used to define the boundaries
of the actual maneuver and only the osculating elements of the resultant
trajectory. This is in contrast to the TLI simulation consisting of
five equations using ¢ and o¢ as independent variables, which is used
to define the boundaries of the actual maneuver and all state variables
on the resultant trajectory.

The four-equation simulation can be derived by fitting the data
in reference 1. Since values of DAZ and TAON are ‘not listed there,
these angles must be calculated from the other angles listed using spher-
ical trigoncmetry. However, these data describe TLI maneuvers which
are optimum for the listed values of & and o. The question arises
as to whether these same maneuvers are optimum for their respective
values of DAZ and TAON. The brief analysis in the following paragraph
shows that they are.



Consider any one TLI maneuver represented by the data in reference 1.
This maneuver will be optimum for its specified values of § and o.
This maneuver will have specific values of DAZ and TAON. Any other ma-
neuver having the same values of T s TTW, and C3, which "flies to" these

same values of DAZ and TAON more optimally, will also be flying to &
and o more optimally. According to the calculus of variations pro-
cedure used in defining these maneuvers, a maneuver which flies to §
and o more optimally does not exist. Therefore, the TLI maneuvers
represented by the data in reference 1 are optimum for their respective
values of DAZ and TAON.

The angles DAZ and TAON are more significant than 6 and o in
describing a specific TLI maneuver. Since all TLI simulation equations
are used to describe specific optimum maneuvers, one would expect that
there would be advantages in using DAZ and TAON instead of &§ and o
as independent variables in these equations. This was found to be the
case in deriving the empirical equation for DV, presented in section IX.
In the following section, it is shown how to use TLI simulation equa-
tions having DAZ and TAON instead of & and o as independent variables

with a trajectory iterator which operates directly upon M and the hyper-
surface,

VII. THE USE OF A TLI SIMULATION WITH DIFFERENT TRAJECTORY ITERATORS

If a complete four-equation TLI simulatioh, consisting of equations
expressing B, n, rpg’ and DV as empirical functions of ros TTW, C3, DAZ

and TAON, were available, could these equations be used with a trajec-

tory iterator which operates directly upon M and hypersurface? This
type of trajectory iterator manipulates &, o, and C3 as independent
variables in obtaining desired trajectory characteristics. It turns out
that all that is needed for implementing this TLI simulation is the
capability of empirically calculating the angle (8 - o) for optimum ma-
neuvers as a function of § and o. With values of 6 and o defined
by the iterator and the value of (B - a) empirically calculated, the cor-
responding values of DAZ and TAON of the optimum maneuver can be cal-
culated for use in the simulation equations in the following manner:

tan 6

DAZ = arctan sin (B - o)

TAON = arccos [?bs (B - a) cos é] - o.



Using this procedure to calculate values of DAZ and TAON, the
empirical equation for DV presented in section IX can be used with tra-

~

jectory iterators which operate directly upon M and hypersurface. The
values of (B = a) of optimum maneuvers can be calculated using the integer-
power polynomials for B and o presented in reference 1.

Conversely, can the five equation TLI simulation, consisting of
equations expressing o, B, n, rpg, and DV as empirical functions of

ros TTW, C3, 8§, and o, be used with a trajectory iterator which operates

directly upon trajectory state variables? This type of iterator would
be used to obtain trajectories having characteristics which are more

restrictive than those attainable by the iterator operating on M and
hypersurface. This trajectory iterator will directly define the tra-
Jectory plane and the polar position of perigee; it thus manipulates

C3, DAZ, and TAON as independent variables. All that is needed to imple-
ment this TLI simulation is the capability of empirically calculsating

the angle (B -~ o) as a function of DAZ and TAON. It seems rather ironi-

cal, but what this amounts to is the definition of the M and hyper-
surface which a given maneuver with known values of DAZ, TAON, ros TTW,

and C3, optimally flies to. With DAZ and TAON defined by the iterator

and the value of (B - a) empirically calculated, the corresponding values
of 8§ and ¢ for use in the five simulation equations2 can be calculated
in the following manner: ‘

8§ = arctan [tan DAZ sin (B - a)]
o = arctan (222 {8 = &)} ooy
cos DAZ *

VIII. PRINCIPLES USED IN DERIVING THE EMPIRICAL EQUATION FOR DV

The basic principle followed in developing the DV equation is as
follows: If at all possible, start with an equation with an algebraic
form which is known to exactly represent the phenomena involved under
certain conditions, and then expand this limited closed-form solution
using empirical coefficients or additive terms to represent all condi-
tions. The following example is given to show the importance of this
principle in developing any empirical equation.

2gince (B - a) has been empirically calculated as & function of DAZ
and TAON, it is not necessary to empirically calculate both o and 8 as
functions of &6 and o.
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Imagine a point P on a rotating wheel or disc lying in the x-y
plane with center at the origin as shown in figure 5. When time (t)

" Position of Pat t =0
X=X, y=0

Figure 5.- Example curve fitting problem.

is 0, the Cartesian coordinates of P, denoted as x and y, are measured
and found to be xo, 0. Numerous measurements of x and y are taken at

other times, thus providing much data describing the variations of x and
y with time. The need arises for an equation expressing either x or y
as a function of t so that values of x or y can be predicted between
the times of datas measurement (interpolation) and beyond the range of
these times of measurement (extrapolation). The astute observation is
made that x and y are not linear functions of t. Therefore, to cope
with this observed nonlinearity, integer-power polynamials, having the
form shown below, are fit to the data. These polyncmials are the most
convenlent to use with least squares fitting techniques.

= 2 4 34+ b 4 S+ ...,
x(or y) a_ + a,lt + 8.2t a.3t a.ht a.st

This method of predicting x or y as a function of t is very inefficient.
Even if the angular velocity (w) of the disc and the position radius (R)
of P are constant (and we have not stated that they are), this integer-
power polynomiasl must be very long, having many constants and requiring
much data in the fitting process in order to insure consistent accuracy.
Obviously, if w and R are constant, we know that the following closed-
form expressions for x and y exist:

X = R cos wt

R sin uwt

¥y
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If w and R vary with time, even if only linearly, the size of the
integer-pover polynomials expressing x and y must be extremely large in
order to insure consistent accuracy. Obviously, greater accuracy will
be achieved if the basic form of the empirical equation is chosen to be
that of the exact closed-form solution when w and R are constant
(cosine for x, sine for y), and if curve fitting effort is spent either
deriving empirical coefficients or additive terms expressing the effects
of the variation of w and R directly on x (or y), or better yet,
deriving equations empirically expressing w and R as functions of t.

Admittedly, the preceding example is extreme. All toc often in
situations where empirical equations are needed, there is no known
closed-form equation exactly representing the phenomena involved under
any imaginable conditions. Even so, analysis of the data will usually
reveal the algebraic form of an equation which will fit better than an
integer-power polynomial for a given number of constants. This is
another important principle which should be followed in deriving any
empirical equation. In the preceding example, analysis of the data
would indicate that sine and cosine functions are ideally suited, even
if the analyst did not know what the phenomena involved was. An integer-
power polynomial should be resorted to only in the instance of a lack
of time or capability.

IX. AN EMPIRICAL EQUATION FOR THE DV OF OPTIMUM TLI MANEUVERS

Following the principles described in the preceding section, we
find that there exists an exact closed-form solution for DV when TTW
is infinite. When TTW is infinite, instantaneous changes in velocity
magnitude and direction are possible. These maneuvers are commonly
referred to as impulsive. Note that in these impulsive maneuvers, the
position state variables of the vehicle are unchanged.

Consider a vehicle with velocity Vo in a circular orbit with radius
r A TLI maneuver is to be performed resulting in specific values of

C3, DAZ, and TAON. If TIW is infinite, the maneuver will be impulsive,
and it will be performed at the node between the orbit and trajectory
planes. Consequently, the position state variables of the trajectory

at this node will be identical to those of orbit; i.e., at a true anomaly
of TAON on the trajectory, the position radius will equal ro. In order

to calculate the DV of this impulsive msneuver, it is necessary to first
determine the flight-path angle (GAN) on this trajectory where it inter-
sects the orbit at the node. (The notation GAN is derived from Gamma
At the Node.) This is easily done with two-body equations; GAN is the
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flight-path angle on a trajectory with energy C3, at a position radius
ros with true anomaly TAON. This impulsive maneuver is shown in

figure 6.

Parking orbit
plane

Parking orbit

Trajectory

Trajectory plane

Figure 6.- Impulsive TLI maneuver with infinite TTW.

Vr is the resultant velocity magnitude of the impulsive maneuver. DV

is the vector difference between the initial and resultant velocity
vectors. The magnitude of DV is given by the following equation:

1

2
DV = <V2 - 2V V cos GAN cos DAZ + V2)
r r O o]

For coplanar maneuvers, this DV equation for infinte TTW should reduce
to DV = Vr - VO. It can be seen that this occurs only if both DAZ and

GAN are zero. Only GAN can present a problem in coplanar cases; DAZ
will by definition be zero. GAN is by definition the trajectory flight-
path angle at the node between the orbit and trajectory planes, but in
coplanar cases this node is undefined. Thus, in subsequent implementa-

tion, care must be taken to define TAON (and thus GAN) as zero in coplanar
cases.

Following the principles described in the preceding section, the
complete empirical equation, expressing DV for optimum TLI maneuvers
with a realistic finite TITW, was developed around the above equation
expressing DV when TTW is infinite. The coamplete equation is of the
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following form. It consists of three major terms, which we will denote
as Tl’ TZ, and T3 and describe separately.

DV = T1 + T2 + T3

The variables C3 and TAON do not appear in any of these terms directly;
instead, they are replaced by DC and GAN which are functions of C3 and
TAON. All of the variables and their respective units for use in T,,
T2, and T3 are as follows:

earth's gravitational constant in km3/sec?

]J=
r, = circular orbit radius in km
TTW = initial thrust-to-weight ratio

DC = the change in energy from that of circular orbit to C3 in
(km/sec)?;

DC = C3 + u/rO
where
c3=v2 - 2k
r

GAN = flight-path angle at the node between orbit and trajectory
planes on a hypothetical trajectory resulting from an impul-
sive maneuver (TTW = «) with no discontinuity in position
state variables. Note that GAN is not a flight-path angle
on the "real" trajectory achieved by the actual TLI maneuver
with finite TTW. As described earlier, GAN is the flight-
path angle at a position radius ro, with true anomaly TAON,

on a trajectory with energy C3. Also note that in coplanar
cases, GAN must be defined as zero.
The first term (Tl) is the basic DV equation described on the

preceding pages which expresses the DV of a hypothetical impulsive
maneuver with infinite TTW. Note that T1 is not empirical, being

derived from theory, not from the curve fitting of data. Expressing
Vo and Vr in terms of DC and s the expression for T, takes
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the following form:

i
2

wj-

T (km/sec) = [DC + %‘- - 2 cos DAZ cos GAN [-“—- (DC + “—)J
. r r

o} o} o

The second term (TZ) represents the increase in DV for coplanar

maneuvers due to finite TTW.

(DC - 11.61)2
TTW

(2.7022098 - "o )(2-026h5h3 x 1076

T, (km/sec) = 3850.0 TTW

+ 3.63276L48 x 10")

T2 is always positive., Note that the limit of T2 is zero as TTW be-
comes infinite. The inverse proportionality between T2 and TTW2 which
causes this was found to be extremely binding. This expression for T2

is actually the major part of the equation for coplanar DV presented
in reference 2. The algebraic form of this expression for T, was . de-

rived entirely from empirical curve fitting. There is absolutely noth-
ing sacred about this form, except perhaps the inverse proportionality
to TTWZ. Accuracy can be improved either by going to a different alge-
braic form or by "tuning" the constants in the form presented here.

The third term (T3) represents the change in DV due to finite TTW

when a plane change is introduced.

Ts(km/sec) = -5in2(GAN)
! 0.00968ﬁ5+ [l - cos (12.5 DAZ)] TTW2/B
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where

B = -8.5067188 x 1073DC + 1.07763205 x 10 3DC2 - 6.0694218 x 10 6pc3

T3 is always negative. This expression for ‘I'3 is absolutely empirical

being derived entirely through curve fitting. Consequently, there is
nothing sacred about this algebraic form, except perhaps the proportion-
ality of T3 to sin? GAN, which was found to be very binding. Accuracy

can be improved by either going to a different algebraic form or by
"tuning'" the constants in the form presented here.

X. RESIDUAL ANALYSIS AND CONCLUSIONS

Table I presents all of the TLI data in reference 1. In total,
402 optimum TLI maneuvers are represented. Each maneuver or data case
has been given an arbitrary reference number. This is done to aid in
referring to table II where values of the following are given for each
data case:

1. DC, DAZ, TAON, and GAN.
2. Actual value of DV repeated from table T.

3. Value of DV as empirically calculated using the equation of the
form DV = T1 + T2 + T3.

L. The residual: calculated DV - actual DV

The RMS residual of all 402 cases is an objectionably large T.2 m/s.
Looking over the list of residuals, it is noted that only 16 of them,
representing 4 percent of the data, have residuals of over 7 m/s. It
is significant that most of these 16 data cases have o of 2°.

All of the cases for which o 1is 2° have relatively large values
of DAZ and GAN. If all of these dats had large residuals, the obvious
conclusion would be that the empirical equation is inaccurate when DAZ
and GAN are large. The listing of residuals in table II shows that this
is not so. This author concludes that the accuracy of some of the data
should be guestioned.



19

When the 16 cases with residuals greater than 7 m/s are deleted,
the RMS residual of the equation, with constants unchanged, obtained
in fitting the remaining 386 cases (96 percent of the data) drops to
0.87 m/s (2.86 fps). These results are summarized in table III.
Remember that this equation was derived to fit all 402 cases, includ-
ing the 16 questionable ones. The size of this RMS residual in fit-
ting the 386 cases can be further decreased by "tuning" the constants
in the existing equation or by going to different algebraic forms.
However, this amounts to the very questionable practlce of eliminating
large residuals by eliminating data.

Before this is done, or for that matter, before any more effort
is expended in developing empirical TLI simulation equations, the
accuracy of some of the data to which these equations are fit should
be ascertained. Reference numbers of the most questionable data are
given with table III. The possibility of misprints in the data as
published in reference 1 or in this memorandum should be eliminated
first. Then, if the accuracy of any of this data is found inadequate,
in preference to Just throwing this data out, it should be run through
the calculus of variations procedure again.

With a more accurate set of data, an empirical equation of the
type presented herein cen be fit with smaller residuals. Also, it is ex-
pected that the integer-power polynomials can be fit to this improved
data with residuals smaller than those published in reference 1. The
possibility then arises of one integer-power polynamial fitting all of
this improved data with acceptably small residuals.
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TABLE III.- SUMMARY OF RESIDUALS WHEN THE 16 CASES®
HAVING RESIDUALS GREATER THAN 7 m/sec ARE DELETED

Su.m Of residllals, km/sec . . . . . . . . [ ] . . . . . . . . -00011912
Average absolute residual, Km/S€C « « o o o o o o o o« o & 0.000397

RMS residudl, Km/S€C « o « o o o o o o o o o o o o o o o o 0.000872

Cceses having the following daeta reference numbers: 139, 143, 237,
240, 248, 255, 263, 266, 267, 268, 288, 306, 327, 331, 340, 358.
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